M.Riaz Lecturer Statistics The Islamia University Bahawalpur RYK Campus- 1

Cauchy Distribution

Let ‘X’ be a continuous random variable with interval (-c0,00) is said to be Cauchy
distribution, having p.d.f:

1 A
f(X):;[m] —0<X<®

It has two parameters A and a..
If A =1 then it becomes single parameter Cauchy distribution with p.d.f

X)—l{#l —0< X<

|1+ (X-a)’
If =0 and A =1 then it becomes standard Cauchy distribution with p.d.f
1 1 1 1
f(X):— or — —OO<X<OO
7|1+ x° |1+ 22 T
Where ¢ = notation parameter. A = scale parameter.
Properties:

i) Cauchy distribution is a continuous distribution.
ii) The total area under the curve is unity.
iii) The range of the distribution is -0 to co.

iv) It has two parameters & &A..

V) The mean of the Cauchy distribution does not exist.
vi) The variance of the Cauchy distribution does not exist.

vii) The mode of Cauchy distribution is X =«
viii) The median of Cauchy distribution is M=«

Prove that total area under the curve is unity
Solution: Let by definition

o0

Total Area= | f(x)dx

—00

As x~ Cauchy (4, ) with p.d.f
1 A
f) == _
() ﬂ{lﬁ(x—a)z} 0<X<0
Area=

Putz=X—a, X—a=1A, X=a+ 21, dx = Adz

Limits remain same.

A 1 15 1
w2l

27 1
Area= —j‘ —~ |dz  Itisan even function. So
Ty (1+ z )

Area=2 tan™(2)| = 2 [ tan*(c0) —tan*(0) ]
T °

Therefore tan™ (o) = z
2
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Area= E[tan‘l(oo) —tan™* (0)] = E[Z) =1

T T\ 2

Find mean of Cauchy distribution

Solution: Let by definition
E(x)= Ixf (x)dx
As x~ Cauchy (/1,0!) with p.d.f

1 A
fX)==| 77— —0< X <00

x| X+ (x-a) -

L N i A7 1
E(X):_[OX;Lu(x—a)z} :;L [/12+(X @)’ }dX:;LX ’12(1+(X_a)2j i
A

X
Putz=—a, X—oa =121, X=a+ A, dx = Adz

Limits remain same.

oo 2 g e e 4

Z
1+z 79 1+ zzidz+7z[oil+ z? idz

at 1 EI(ZZ 205]2 1
0

_ K 2\"
_700 1+22)dz— ~ dz + Iog(1+z }

(1+ 22) 27 oo
27 1

A
A ) 2

2c 1 A
E(X)=— | ——<dz+=—log(1+00”)—log(1l+00® )=
=2ty e alae ) -tafae )
Hence, prove that the mean of Cauchy distribution does not exist.

Find median of Cauchy distribution
Let by definition of median

P(x<m)=%
As x~ Cauchy (4, ) with p.d.f
f 1 A
= —0<X<
7| 2 +(x-a) PSXSD
J‘l 2 A 2 dle
7| A +(X—a) 2
zm' 1 1
__ dx =—
7Z'J. 12+(x—a)2} 2
éj 1 dx=%
7Z'_Oo /12(1+(X—a)2j
Putz=X_Ta, X—a=2A, X=a+1zA, dx=1dz

m-—«a
While limits will be when X — —oothen z — —oo, when X — mthenz — T

240 1 1 [ 1 1 .
T _-[O {/12‘1+ s J/’Ldz Tz _J;O [‘1+ s sz "2 ®
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As, we know that

o0

j f(z)dz =1

—00

1

~Hlemls

o {0 {3
|
o

(i)

N Y|, 3P

7w_il+ z? i_dz N

Comparing (i) & (ii)

m— : :
TO‘ =0, m-a=0, m=a Require median.

Find Cumulative Density Function of Cauchy distribution or Find the Distribution
Function.
Solution: Let by definition
F(x)=P(X <x) = [ f(x)dx

As x= Cauchy (/1,0!) with p.d.f

1 A
f(X)Z;[m] —0<X<Lw

r1 A A7 1 A7 1
F(X):_-[O;LLZ+(x—a)2}dX:;_J;[ﬂf+(x—a)2}dX:;_[o 12(1 (x ) j dx

PutZ=XTa, X—a=12A, X=a+ A, dx = Adz

X_
While limits will be when X —> —oothen z — —oo, when X —> xthen z —> TO‘

/’L% 1 1 ¢ 1 e 2 X—« _
il Adz == d _—tan‘l tan™ —tan(—
ﬂ_[oh—)mﬂz} : ﬂ{[m } <Z>\ ﬂ[ 55 —tan ()|

£ p]- 2o

)+ > Require result.

Find Characteristic Function of Cauchy distribution
Solution: Let by definition of characteristic function

0.(t) = E(e™)= Te‘“f( X)dx

—00

1 A
f(X):;{m} —0<X<w

1tx ﬂ’
e(t)_je [12+(x 7 }dx

X—a 1z
y+—2
w2

-1 -1
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QX (t) — i T eitx 1

dx
T | a2 (1+(X

a)zj

Put z = xTa’ X—a=2A, X=a+2A, dXx=Adz Limits remain same.
l T it(a+1z) 1
Ot)=—|e —— | Adz
) 7[_'[0 {/12(1+22)}

0 |t(a+lz)
% (t)——J[ I sz

© ita+itiz
e

dz A)
)

=1j © putt’ =t1
72-@

(1+ 22)

0 it'’z o , o s .
J~ e L 1 Cos(tz)+|S|n(tz) 1 J-Cos(tz)dz+ | J- Sln(tz)dZ
V4

J 1+ 2?) T 1+ 22 oz 1+7° I 1+7°

skip the next function because it is an odd function.
By inverse theorem

1 7
f(x)=— | e "™dz4 (t)dt
(x) zﬁjw (1)

As we know that the p.d.f of Laplace distribution

1
f(x)==e ™
()2

And we know that the characteristic function of laplace distribution

%.0= g )

1 1y 1 T 1

—e P e dt
> 27 3. (1+12)
N R S | -
et Te et Repleing by X &by
» o1
t —It
eV R _[ e’ 1+ x? d And replace x’ by 'z’

o0

\t\_i —it’z d
© ﬁj.et 1+22)Z

ol _ 1 TCOS(tZ)—ISIn(tZ)
T 1+ 2°

—00
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w17 J~ Cos(tz) dg T Sin(t'z) dz
rd 1+7° rd 1+27°
ot 2 ICOS(t Z) Put in (i)
Ty 1+z
© eit’z ,
I —~ dz =g and putt’=tA putin (A)
At (1+ V4 )
0, (t) =e" e
QX (t) _ eita—\m\
a=0and1=1

In standard form
g, (t)=e™

Find the mode of Cauchy distribution.
If following two conditions are satisfied then mode exists.

d
(=0 o L logf()=0

d2

f(X)<0  or OIZIogf() <0
As x= Cauchy (/1,0!) with p.d.f

1 A
f(X)==|>—— _
(x) ﬂbz_k(x_a)z} 0<X<o0
=2 (2 + (x-a)?)

T

dx T dx
Put equal to zero.

{_i(/lz+(x—a)2)_2(2(x—a))}:0, ~=0, x-a=0, Xx=a

if(x)zF—l(/ler(x— a)’ )’ 2 0

/4
Again differentiate (i) w.r.t to ‘x’

i o
(;j_xzzf(x):—%:(/12+(X—a)2)_2%(X a)+(x- )jx(/lz( )2)_2}
;’_;f(x)z_%:(f+(x—a)2)'2(1)+(x—a)—2(f+(X‘ )] %(ﬂz (- )2)}
(;1_;f(x):_%:(m(x_ay)‘ﬁ(x—a)—z(f+(x—a)2)‘32(x—a)]

j_; f(x)__zf:(f+(x—a)2)_z—4(X—0!)2(/12+(X—a)2)_3]
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2 _

%f(x)=—%_(/12+(a—a)2)_2—4(a—a)2(/12+(a—a)2)_3}
2

d—zf(x):—z—;t 12+O

dx s (/12)

d’ 2

—f(X)=——<0

dx’® ) 77/13<

Which shows that the mode of Cauchy Distribution is =X = ¢

Mode of Cauchy Distribution in standard form
If following two conditions are satisfied then mode exists.

d
(X)=0 o - l0gf(x)=0

2

d
(<0 o o 7l0gf(x<0

As x~ Cauchy (01) with p.d.f
11 1
f(x)== _
(x) ”LHZ} 0< X<
=)
T

Differentiate w.r.t. to ‘x’

d 1 2

o f(x)= ;—1(1+ x) 2&(1+ XZ)}

% f(x)= _—%(H xz)_2 ZX}

d 2 -

&f(X)Z—;X(l-F XZ) ‘ (i)

Put equal to zero.

—§(1+X2)2 =0, - 2X > =0, 2x=0
T 7[(1+X2)
x=0

Again differentiate (i) w.r.t to ‘x’

d’ df 2 2\-2
Wf(x):&{——x(ux) }

s

d? 2% d 2\-2 a2 d( 2
@f(X):{—;X&(l‘FX ) ‘|‘(1‘|‘X ) &(—;X)]
d? 2 )3 N2 2
Wf(x):—;x(—Z)(Hx) (20 +(1+) (—;j
Put x=0

LT L




M.Riaz Lecturer Statistics The Islamia University Bahawalpur RYK Campus- 7

2
d—f(x):O—E:—E<O

dx’® T 7
As the both conditions are satisfied hence the mode of Cauchy distribution is x=0
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